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Shape Properties of Pulses Described by Double
Exponential Function and Its Modified Forms

Gang Wu

Abstract—Double exponential function and its modified forms
are widely used in high-power electromagnetics such as high-
altitude electromagnetic pulse and ultrawide-band pulse study.
Physical parameters of the pulse, typically the rise time tr , full
width at half maximum tw , and/or fall time tf , usually need to be
transformed into mathematical characteristic parameters of the
functions, commonly denoted as α and β. This paper discusses the
dependences of pulse shape properties, represented by ratios of
tw /tr and tf /tr , on a dimensionless parameter A = β/α or B =
α/β; and focuses on their limit correlations associated with the
mathematical forms. It has been proven that pulses with tw /tr <
4.29 cannot be expressed by the commonly used difference of dou-
ble exponentials function. This limit can be mitigated partially by
the latest proposed p-power of double exponentials function with a
well-chosen p parameter. A novel form, difference of double Gaus-
sian functions is also proposed to describe pulses with low tw /tr

ratios better. Quotient of double exponentials, however, is shown
to be the most flexible function for describing transient pulses with
arbitrary tw /tr ratios, despite of its intrinsic drawbacks. All these
functions are applied for several examples and further compared
in both time and frequency domains.

Index Terms—Difference of double exponentials (DEXP), dif-
ference of double Gaussian functions (DGF), high-altitude electro-
magnetic pulse (HEMP), p-power of double exponentials (PEXP),
quotient of double exponentials (QEXP).

I. INTRODUCTION

DOUBLE exponential function and its modified forms are
widely used to describe high-power electromagnetic envi-

ronments and their driven sources for simulation, such as high-
altitude electromagnetic pulse (HEMP) [1]–[4] and ultrawide-
band (UWB) pulses. For instance, difference of double expo-
nentials (DEXP) and quotient of double exponentials (QEXP)
have been used as a mathematical description of HEMP environ-
ments [1]–[4], as well as pulse shapes of the driven gamma-ray
source in numerical simulations [5], [6]. A modified description,
namely p-power of double exponentials (PEXP) has been pro-
posed in recent years to improve the description of HEMP [2],
lightning discharge [7], and near-filed electrostatic discharge en-
vironments [8]. Physical parameters of these EMP-like pulses,
typically the rise time tr , full width at half maximum (FWHM)
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tw , and/or fall time tf , usually need to be transformed with high
precisions into mathematical characteristic parameters of the
functions, commonly denoted as α and β. The least squares and
Nelder–Mead algorithms have been applied for DEXP pulses to
estimate the physical parameters from mathematical ones, and
two complicated functions, sum of four exponential functions,
are chosen to get approximate tr and tw values in a small ranging
area of (α, β) [9], which cannot realize the inverse transform.
Through numerical calculations and statistical means, novel cor-
relations between the two groups of parameters, i.e., several
sectional linear fit functions with gradational slopes between
tw /tr , βtw , and β/α, are established for a far-ranging area of
(α, β) [10], [11]. As many as fifteen linear functions are formu-
lated to express a correlation with typical overall fitting errors <
0.5% [11]. A limit property that a pulse shape can be fitted with
DEXP function only for tw /tr > 4.291 has been noted [11], but
without an explanation or a solution for pulses with lower tw /tr
ratios.

This paper will discuss the dependences of the pulse shape
properties, represented by ratios of tw /tr and tf /tr , on a dimen-
sionless parameter A = β/α (or B = α/β), and focus on the limit
values of tw /tr and tf /tr ratios for the different aforementioned
mathematical descriptions, as well as a newly proposed func-
tion, named as difference of double Gaussian functions (DGF).
The mathematical description of pulses with lower tw /tr ratios
will be also presented in variant forms and compared, which
may be useful for expression of gamma-ray sources of some
special nuclear weapons and UWB pulses.

II. SHAPE PROPERTIES OF VARIANT PULSES

In general cases, the pulses concerned have unipolar wave-
forms increasing from zero to a maximum and then decreasing
back to zero or almost zero, corresponding to real transient sig-
nals. The description function should be usually time-integrable,
time-differentiable, convenient for analytical analysis, and bet-
ter with a well-defined start time (t = 0). Fig. 1 shows a typical
pulse shape f (t), and definitions of several physical parameters
to be used: tp denotes the peak time at which the magnitude
of f(t) reaches its maximum value fmax ; t1 , t2 , t3 on the ris-
ing edge, and t6 , t5 , t4 on the falling edge, denote the time at
which the magnitude equals to 10%, 50%, 90% of fmax , respec-
tively; tr = t3 − t1 denotes a 10% to 90% rise time; FWHM
tw = t5 − t2 ; tf = t6 − t4 denotes a 90% to 10% fall-time.

A. DEXP Pulses

The popular DEXP pulse has the form as

f (t) = k
(
e−αt − e−βt

)
(t ≥ 0) (1)
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Fig. 1. Typical pulse shape and physical parameters commonly used for time-
domain behavior.

where k = βeαtp / (β − α) is a normalized factor to make
fmax = 1, the peak time tp = [ln (β/α)] / (β − α). The pa-
rameters α and β should satisfy the condition that β > α > 0
to insure a positive polarity of f(t).

For β � α, the rise is much faster than the decay, we have

βtr = β (t3 − t1) ≈ ln0.9 − ln0.1 = ln9

αtw = α (t5 − t2) ≈ αt5 ∼= ln2

αtf = α (t6 − t4) ≈ ln9.

Then, we can get that

tw
tr

≈ ln2
ln9

·
(

β

α

)
= 0.3155

(
β

α

)
(2a)

tf
tr

≈ β

α
(2b)

βtw = αtw ·
(

β

α

)
≈ ln2 ·

(
β

α

)
= 0.6931

(
β

α

)
. (2c)

Eq. (2a)–(2c) define three asymptotic linear limits of
tw /tr , tf /tr , and βtw as functions of a dimensionless param-
eter A = β/α for A � 1. This is the reason that tw /tr , tf /tr ,
and βtw variations versus β/α appear as three straight lines in
Fig. 2(a) of [11].

For β/α → 1, set β/α = 1 + ε, 0 < ε � 1, (1) could be
rewritten as

f (t) = ke−αt
(
1 − e−αεt

)
≈ ke−αt · αεt = kε · (αt) e−αt

which means that the pulse shape is completely determined by
the value of α, and the value of β only acts as a scaling factor
through ε, since k → 1 for ε → 0.

Further set αt = x, g (x) = xe−x , we have f (x) ∼= kεg (x).
The maximum value of g (x) is gmax = g (x = 1) = 1/e. The
transform of αti = xi (i = 1–6) defines six dimensionless
variables x1 ∼ x6 , and that (x1 , x6), (x2 , x5), and (x3 , x4)
are approximately the roots of the nonlinear equation g (x) =
cgmax = c/e with the constant c = 0.1, 0.5, 0.9, respectively.

Fig. 2. tw /tr , tf /tr , and βtw variations of DEXP pulses versus A = β/α.

Solving the equations numerically, we get

x1 ∼= 0.0382, x6 ∼= 4.8897; x2 ∼= 0.2320, x5 ∼= 2.6783;

x3 ∼= 0.6083, x4 ∼= 1.5318.

Further,

tw
tr

∼= x5 − x2

x3 − x1
= 4.2910 (3a)

tf
tr

∼= x6 − x4

x3 − x1
= 5.8900 (3b)

βtw ∼= αtw = 2.4463. (3c)

This shows, that the lower limit of the DEXP equation corre-
sponds to a ratio of tw /tr about 4.29, and tf /tr near 5.89. Pulses
with lower ratios cannot be described in a good matter by DEXP.
In that case, alternatives have to be found.

For general β/α values, set A = β/α, z = e−αt , (1) can be
transformed into a simple form as

f (z) = k
(
z − zA

)

and k = A/zp (A − 1), where zp = e−αtp = A− 1
A −1 .

Then, let zi = e−αti , i = 1, . . . , 6, we have

tw
tr

=
ln (z2/z5)
ln (z1/z3)

tf
tr

=
ln (z4/z6)
ln (z1/z3)

βtw = αtw · (β/α) = A ln (z2/z5) .

Note that (z1 , z6), (z2 , z5), and (z3 , z4) are the roots of the
nonlinear equation f (z) = cfmax , i.e.,

z − zA = c

(
1 − 1

A

)
A− 1

A −1 (4)

with the constant c = 0.1, 0.5, 0.9, respectively. Apparently the
roots only rely on the value of A, i.e., the ratio of α and β.
(4) can be solved easily using iterative means. The results, as
well as the asymptotic linear functions defined in (2a)–(2c) for
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TABLE I
PARAMETER VALUES OF SECTIONAL LINEAR AND EXPONENTIAL FUNCTIONS TO FIT THE CORRELATIONS OF DEXP PULSES

comparison, are shown in Fig. 2. The calculation distinguished
from [11] is independent of the values chosen for α or β, making
the results and discussions more general.

Numerical results shown in Fig. 2 confirm the asymptotic
properties defined in (2a)–(2c) and the limit properties given in
(3a)–(3c). The ratios, tw /tr and tf /tr , addressing major proper-
ties of pulse shapes, deviate from their own asymptotic linear
functions more and more seriously as A decreases. In the range
of 3 < A < 300, several sectional linear functions, namely
y = sA + y0 , are used to fit the correlations and for lower A
values, an offset exponential growth function, y = aeA/b + y0 ,
is more adequate since there is a lower limit. Variations of βtw
versus A = α/β act as assistant variables to accomplish the
transform between parameters (tw , tr ) or (tf , tr ) and (α, β).
Parameter values of the fitting functions, with maximum errors
of estimation using these functions in each section, are listed in
Table I. The limit slopes given in (2a)–(2c), and lower limit val-
ues given in (3a)–(3c), are also tabulated. Compared to Table I
of [11] for similar purpose, only three divided sections are used
herein to cover a sufficient large range of A parameter, making
the tabulation more practical for use.

B. QEXP Pulses

QEXP function has the basic form as

f (t) = k/(e−αt + eβt) = keαt/
(
1 + e(α+β )t

)
(5)

where k is the normalized factor. Set B = α/β, z = e−βt , (5)
can be rewritten as

f (z) = k/
(
zB + z−1)

k = (1 + B) /Bzp , zp = e−βtp = B− 1
B + 1 .

Description of a typical pulse with a rise fast compared to the
decay requires α > β, i.e., B > 1. For α = β, or B = 1, it is
a symmetric pulse that tf /tr = 1, and we can derive easily that
tw /tr = 1.04.

The transform of zi = e−βti (i = 1–6) defines dimensionless
variables z1 ∼ z6 , and that (z1 , z6), (z2 , z5), and (z3 , z4) are
roots of the following equation with the constant c = 0.1, 0.5,
0.9, respectively,

zB + z−1 = k/c. (6)

Apparently, these roots as well as variations of tw /tr , tf /tr ,
and αtw concerned below, also rely only on the value of B =
α/β.

For α �β, B � 1, we get zp → 1, k → 1, (6) can be ap-
proximated as zB + z−1 ∼= 1/c. Then, we can determine the
roots approximately through analytical analysis. The results are
shown as follows

z1 ∼= 91/B , z6 ∼= 0.1;

z2 ∼= 1, z5 ∼= 0.5;

z3 ∼= 9−1/B , z4 ∼= 0.9.

Further, we can get the correlations expressed as

tw
tr

=
ln (z2/z5)
ln (z1/z3)

∼= B · ln2
2ln9

= 0.1577B (7a)

tf
tr

=
ln (z4/z6)
ln (z1/z3)

∼= 0.5B (7b)

αtw = βtw ·
(

α

β

)
∼= B · ln2 = 0.6931B. (7c)

Eq. (7a)–(7c) demonstrate that tw /tr , tf /tr , and αtw varia-
tions of QEXP pulses versus B = α/β are also characterized by
three linear functions with given slopes when B is sufficiently
large.

For α < β, it can be similarly proven that there is a lower
ratio limit for fitting pulses with a QEXP equation, determined
as tw /tr →0.3155 corresponding to α � β.

For general cases, we can solve (6) readily using iterative
means. Numerical results for B > 1 cases, as well as the asymp-
totic linear functions defined in (7a)–(7c) for comparison, are
shown in Fig. 3. Note that numerical results deviate from their
own asymptotic linear functions markedly until the parameter
B gets less than 200. To realize the transform between com-
bined parameters (tw , tr ) or (tf , tr ) and (α, β) for practical
use, several sectional linear functions, with their parameter val-
ues tabulated in Table II, are introduced to fit the correlations.
Since there is no lower limit for these familiar cases, exponential
growth functions are not necessary herein.
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TABLE II
PARAMETER VALUES OF SECTIONAL LINEAR FUNCTIONS TO FIT THE CORRELATIONS OF QEXP PULSES

Fig. 3. tw /tr , tf /tr , and αtw variations of QEXP pulses versus B = α/β .

C. PEXP Pulses

PEXP function introduced in [2], [8] has the form as

f (t) = k(1 − e−αt)pe−βt(t ≥ 0, α > 0, β > 0) (8)

where k is also a normalized factor to make fmax = 1. Similar
to QEXP functions, the rise edge mainly relies on the parameter
α, whereas the fall edge mainly depends on the other one, and
the condition α > β is not required to insure a positive polarity
of f(t).

For α � β, we can deduce approximately that

1 − e−αt1 ∼= 0.11/p

1 − e−αt3 ∼= 0.91/p

αtr = α (t3 − t1) ≈ ln
1 − 0.11/p

1 − 0.91/p

βtw = β (t5 − t2) ≈ βt5 ∼= ln2

βtf = β (t6 − t4) ≈ ln9.

Choose p = 2 as a typical case, the analytical correlations can
be established as following:

tw
tr

≈ α

β
ln2/ln

1 − 0.1
1
p

1 − 0.9
1
p

= 0.2677
α

β
(9a)

tf
tr

≈ α

β
ln9/ln

1 − 0.1
1
p

1 − 0.9
1
p

= 0.8485
α

β
(9b)

αtw = βtw · α

β
≈ ln2 · α

β
= 0.6931

α

β
. (9c)

These show that asymptotic linear functions also exist for
tw /tr , tf /tr , and αtw variations of PEXP pulses versus B =
α/β when B is sufficiently large.

For α � β, set α/β = δ → 0, (9) can be rewritten as

f (t) = k(1 − e−βδt)pe−βt ≈ kδp · (βt)p e−βt .

It implies that the pulse shape almost relies just on β.
Further defining u = βt, h (u) = upe−u , we get f (u) ≈

kδp · h (u). The maximum of the function h (u) is determined
as

hmax = h (x = p) = ppe−p .

The transform of ui = βti (i = 1–6) defines dimension-
less variables u1 ∼ u6 , and (u1 , u6), (u2 , u5), (u3 , u4) are ap-
proximately roots of the following equation with the constant
c = 0.1, 0.5, 0.9, respectively,

h (u) = upe−u = cppe−p . (10)

Roots of (10) depend only on the value of p parameter. Choos-
ing p = 2, we get

u1 = 0.2657, u6 = 6.7292; u2 = 0.7612, u5 = 4.1559;

u3 = 1.4191, u4 = 2.7212.

Then, we deduce the limit properties as follows

tw
tr

∼= u5 − u2

u3 − u1
= 2.9432 (11a)

tf
tr

∼= u6 − u4

u3 − u1
= 3.4749 (11b)

αtw = βtw · α

β
≈ (u5 − u2) ·

α

β
= 3.3947

α

β
. (11c)

These equations reveal that PEXP pulses should also have a
rise fast compared to the decay, and for p = 2, the lower limits
of tf /tr and tw /tr , about 3.47 and 2.94, respectively, are smaller
than those of the DEXP pulses given in (3). If choosing larger
p values, these lower limits can be further reduced with some
extent. For p = 5, 10 and 20, the limits of tf /tr are 2.19, 1.74,
and 1.48, respectively, whereas the limits of tw /tr are 2.17,
1.89, and 1.72, respectively. Note that for p ≥ 10, the limit
value of the fall time tf tends to be smaller than the width tw
and description of pulses with tw /tr < 1.72 or tf /tr < 1.48
requires even larger p parameter. Comparing (11c) with (9c), it
can be found that αtw variations of PEXP (p = 2) pulses versus
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Fig. 4. tw /tr , tf /tr , and αtw variations of PEXP (p = 2) pulses versus B =
α/β .

B = α/β are characterized by two asymptotic linear functions
with given slopes for both B � 1 and 1 � B range.

For general α/β values, we can use similar transform as
mentioned before. Set B = α/β, z = e−αt , (9) can be rewritten
as

f (z) = k (1 − z)p z1/B .

Further, we have

zp = e−αtp = 1/ (1 + Bp)

k = (1 + Bp)p+1/B / (Bp)p .

Let zi = e−αti , i = 1–6, (z6 , z1), (z5 , z2), (z4 , z3) are the roots
of the nonlinear equation f (z) = c, i.e.,

(1 − z)p z1/B = c (Bp)p / (1 + Bp)p+1/B (12)

with the constant c = 0.1, 0.5, 0.9, respectively. Given the value
of parameter p, these roots rely only on the parameter B.

Solving (12) numerically using iterative means, we can deter-
mine variations of tw /tr , tf /tr , and αtw versus B = α/β through
the following transform

tw
tr

=
ln (z2/z5)
ln (z1/z3)

tf
tr

=
ln (z4/z6)
ln (z1/z3)

αtw = α (t5 − t2) = ln (z2/z5) .

Results of the calculation, for the parameter p = 2, as well as
the asymptotic linear functions given in (9) and (11), are shown
in Fig. 4. The results confirm the asymptotic and limit properties
discussed above. For practical use of the correlations obtained
to transform the parameters (tw , tr ) or (tf , tr ) to (α, β) or
inversely, we also need several sectional linear and exponential
growth functions to fit the data. Parameter values of these fitting
functions are tabulated in Table III.

D. DGF Pulses

In order to describe pulses with low tw /tr or tf /tr ratios, we
suppose to modify DEXP function by stretching the rise edge,
and compressing the fall edge. We find naturally a DGF would
be a choice, expressed as

f (t) = k
(

e−α2 t2 − e−β 2 t2
)

(t ≥ 0) (13)

where k is a normalized factor to make fmax = 1, and β > α >
0 is required to keep f (t) positive.

The function starts from zero at the defined t = 0 time, same
as DEXP function, and clearly there is no discontinuity of the
first derivative at the initial time since f ′ (t = 0) = 0.

The complete time integral of the function is given by
∫ +∞

0
f (t) dt =

k
√

π

2

(
1
α
− 1

β

)
(14)

which is also similar to the formulation for DEXP function.
For β � α, the rise is much faster than the decay, we have

βtr = β (t3 − t1) ≈
√

ln10 −
√

ln
(

10
9

)

αtw ≈ αt5 ≈
√

ln2

αtf ≈
√

ln10 −
√

ln
(

10
9

)
.

Then, correlations can be established as follows

tw
tr

≈ β

α
·
√

ln2/

(
√

ln10 −
√

ln
(

10
9

))

= 0.6980
(

β

α

)

(15a)

tf
tr

≈ β

α
(15b)

βtw = αtw ·
(

β

α

)
≈

√
ln2 ·

(
β

α

)
= 0.8326

(
β

α

)
. (15c)

For β/α → 1, set β2/α2 = 1 + ε, 0 < ε � 1, (13) can be
rewritten as

f (t) = ke−α2 t2
(
1 − e−εα2 t2

)
≈ kε · α2t2e−α2 t2

which reveals similarly that the pulse shape is almost determined
by the parameter α, and the value of β only acts as a scaling
factor through ε and k.

Further set α2t2 = v, g (v) = ve−v , we get f (v) ∼= kεg (v).
The six dimensionless variables v1 ∼ v6 , defined by the trans-
form of α2t2i = vi (i = 1–6), can be determined since (v1 , v6),
(v2 , v5), and (v3 , v4) are approximately the roots of the non-
linear equation g (v) = cgmax = c/e with the constant c = 0.1,
0.5, 0.9, respectively. Solutions of an identical equation have
been given in Section II-A, where they are denoted as xi (i =
1–6) and used to derive (3a) and (3b). The correlations herein
should be written as

tw
tr

∼=
√

v5 −
√

v2√
v3 −

√
v1

=
√

x5 −
√

x2√
x3 −

√
x1

= 1.9759 (16a)
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TABLE III
PARAMETER VALUES OF SECTIONAL LINEAR AND EXPONENTIAL FUNCTIONS TO FIT THE CORRELATIONS OF PEXP (p = 2) PULSES

tf
tr

∼=
√

v6 −
√

v4√
v3 −

√
v1

=
√

x6 −
√

x4√
x3 −

√
x1

= 1.6657 (16b)

βtw ∼= αtw ∼=
√

v5 −
√

v2 =
√

x5 −
√

x2 = 1.1549. (16c)

This proves that DGF can be used to describe pulses with
tw /tr ≥ 1.98 or tf /tr ≥ 1.67.

For general β/α values, set A = β/α, z = e−α2 t2
, (13) can

be rewritten simply as

f (z) = k
(
z − zA 2

)

where k = A2/zp
(
A2 − 1

)
, zp = e−α2 t2

p = A− 2
A 2 −1 .

Then, let zi = e−α2 t2
i , i = 1–6, (z1 , z6), (z2 , z5), and (z3 , z4)

are the roots of the nonlinear equation f (z) = c, i.e.,

z − zA 2
= c

(
1 − 1

A2

)
A− 2

A 2 −1 (17)

with the constant c = 0.1, 0.5, 0.9, respectively. Again, these
roots rely only on the dimensionless parameter A.

Solving (17) numerically using iterative means, we can deter-
mine variations of tw /tr , tf /tr , and αtw versus A = β/α through
the following transform

tw
tr

=

√
−ln (z5) −

√
−ln (z2)√

−ln (z3) −
√

−ln (z1)

tf
tr

=

√
−ln (z6) −

√
−ln (z4)√

−ln (z3) −
√

−ln (z1)

βtw = αtw · (β/α) = A
(√

−ln (z5) −
√

−ln (z2)
)

.

Numerical results, as well as the asymptotic linear functions
given in (15), are shown in Fig. 5. The results confirm the
asymptotic and limit properties discussed above. Also, it can
be seen that the asymptotic lines fit most data points so well, if
using the asymptotic formulations to make estimations, errors
of only a few percentage (<9.4%) would be introduced for all
A > 5 cases. To fit the correlations with higher precision, we
also just need quite a few sectional functions, as tabulated in
Table IV.

Fig. 5. tw /tr , tf /tr , and βtw variations of DGF pulses versus A = β/α.

Further considering pulses with tw /tr < 1.97 or tf /tr < 1.66,
we suppose to modify DGF as following

f (t) = k
(

e−α3 t3 − e−β 3 t3
)

(t ≥ 0) (18)

which is abbreviated as DMGF. The complete time integral of
DMGF is given by

+∞
∫
0

f (t) dt =
k

3
Γ

(
1
3

) (
1
α
− 1

β

)
. (19)

where Γ (z) is the Gamma function, and 1
3 Γ

( 1
3

) ∼= 0.8930.
We can derive easily that, limit correlations similar to (16)

also exist for β/α → 1 cases, determined as

tw
tr

∼=
3
√

x5 − 3
√

x2
3
√

x3 − 3
√

x1
= 1.5166 (20a)

tf
tr

∼=
3
√

x6 − 3
√

x4
3
√

x3 − 3
√

x1
= 1.0667 (20b)

βtw ∼= αtw ∼=
√

x5 −
√

x2 = 1.1549. (20c)

These limit values are comparable to those of a single Gaus-
sian function, which has a common shape property that tw /tr =
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TABLE IV
PARAMETER VALUES OF SECTIONAL LINEAR AND EXPONENTIAL FUNCTIONS TO FIT THE CORRELATIONS OF DGF PULSES

Fig. 6. Waveforms of the five variant descriptions tabulated in Table V.

1.3959 and tf /tr = 1. However, DMGF pulses starts at t = 0
and are typically asymmetric since tf > tr .

It should be pointed out that, the Fourier transforms of DGF
and DMGF are difficult to be expressed as analytical formu-
lations, which may become a drawback for use if analytical
analyses in frequency domain are needed. What we can deter-
mine analytically is the low frequency limits of their spectral
magnitude through the complete time integrals given in (14) and
(19).

III. VARIANT DESCRIPTIONS OF A STANDARD PULSE

To check the usability of DGF and DMGF, and validate the
effectiveness of the transform relation tabulated in Tables I–IV,
we use variant functions discussed above to describe a standard
pulse, with a rise time of tr = 2.5 ns and FWHM of tw = 23 ns,
which has been widely known as the key waveform feature of
early time (E1) HEMP environment. Parameter values of these
functions are determined through the linear transform relations
listed, with an identical procedure that calculating the dimen-
sionless parameter A = β/α or B = α/β via slope and intercept
values fitting tw /tr correlations, then substituting this parame-
ter to solve αtw or βtw , and further α and β. The results are
listed in Table V. tr and tw values of these functions, character-
ized by the determined mathematical parameters, are also cal-
culated and given. The fact that the error amounts less than one

Fig. 7. Spectral magnitude of the waveforms in Fig. 6.

TABLE V
PARAMETER VALUES OF VARIANT FUNCTIONS DESCRIBING A STANDARD

PULSE (tr = 2.5 NS, tw = 23 NS)

percent for both these two parameters indicates that the trans-
form relations established are effective for use.

The fall times, complete time integrals of variant functions,
and their squares are also listed for comparison. It can be seen
that these three features of DEXP, QEXP, PEXP (p = 2) de-
scriptions are very close. The proposed DGF and DMGF de-
scriptions have much smaller fall times than the other three
functions, as their temporal variations are more localized. How-
ever, their complete time integrals, representing the impulse of
the transient if electromagnetic stress signals are described, are
much closer to the other three, with discrepancies less than 3 dB
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(a) (b) (c)

(d) (e) (f)

Fig. 8. Variant mathematical descriptions of pulses with low tw /tr ratios listed in Table VI (a) tr = 5 ns, tw = 15 ns, tw /tr = 3(b) tr = 22 ns, tw = 50 ns,
tw /tr = 2.27(c) tr = 2.5 ns, tw = 5 ns, tw /tr = 2(d) tr = 2.5 ns, tw = 4.5 ns, tw /tr = 1.8(e) Spectral magnitude of pulses in (a)–(b) (f) Spectral magnitude of
pulses in (c)–(d).

and the time integrals of the squares, typically representing the
energy of the transient, are almost identical.

The time-domain waveforms and frequency domain spec-
tral magnitude of the five variant descriptions are illustrated
in Figs. 6 and 7. It can be seen that DEXP and PEXP (p =
2) waveforms in the time domain are almost superposed, de-
spite for a very bit discrepancy during the rise edge. DGF has
a rise behavior similar to these two functions, whereas the rise
edge of DMGF is rather slower and similar to that of QEXP
function. The fall edges of the five functions deviate more ap-
parently. Their frequency domain spectral magnitude, however,
have much less diversities in the main range of 0.1–250 MHz,
with discrepancies less than 3 dB. Significant differences ap-
pear in higher frequency ranges above 300 MHz, that the DEXP
function has the largest magnitude, secondarily PEXP (p = 2),
whereas high frequency spectra of DGF and DMGF are closer
to QEXP. Note that there is a singular sharp dig, near 450 MHz,
on the spectral magnitude of DMGF, which appears to be a sin-
gularity of the spectral magnitude function, and may limit its
usage.

IV. DESCRIPTIONS OF PULSES WITH LOW tw /tr RATIOS

Real transient signals may have arbitrary waveforms that
pulses with low tw /tr ratios should be also properly dealt with
in simulations of threat environments and their effects. For in-
stance, a real UWB pulse may have a rise time of 200 ps and
FWHM of 400 ps, i.e., tw /tr = 2. In HEMP (E1) environ-
ment calculation, variant gamma-ray pulses should be consid-
ered to check the factors highly affecting the results. [12] has

TABLE VI
PARAMETER VALUES OF VARIANT FUNCTIONS DESCRIBING PULSES WITH LOW

tw /tr RATIOS

mentioned several representative physical parameters of simul-
taneous gamma-ray pulses radiated from different-type nuclear
weapons. We estimate tr values from t2 , t3 parameters and cite
directly tw parameters given in the literature, as listed in the
first three rows in Table VI. To further extend tw /tr ratios lower
than 2, a fourth case, i.e., tr = 2.5 ns, tw = 4.5 ns, tw /tr = 1.8,
is artificially added to make only DMGF, PEXP (p = 20), and
QEXP functions suitable for describing it.

Using the correlations tabulated in Tables I–IV, parameters of
variant mathematical descriptions suitable for each pulses, are
determined and given in Table VI. Time domain waveforms and
spectral magnitude of these descriptions are illustrated in Fig. 8.
Note that QEXP pulses are properly shifted along the time axis
to match the rise edges of DGF pulses for comparison.
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As shown in Fig. 8(a), DGF and PEXP (p = 2) descriptions of
a tw /tr = 3 pulse almost superpose in the time domain, and there
is only a quite small discrepancy (3–4 dB) at high frequency
ranges (>200 MHz) between their spectral magnitude curves
shown in Fig. 8(e).

For pulses with even lower tw /tr ratios, as shown in Fig. 8
(b)–(d), five-, ten-, and 20-power PEXP functions are needed
for use, with the result that the whole wave shapes are postponed
later and later. Though the functions still start from zero at the
initial time, the zero-to-peak (0%-100%) rise time tends to be in-
creased a lot, which significantly limits their spectral magnitude
in high frequency ranges even lower than QEXP pulses. Besides,
the fact that the normalized factor k grows so rapidly, with a
variation of five magnitudes as tw /tr decreasing from 3 to 1.8,
implies this type of function may become gradually ineffective
for describing these pulses with much lower tw /tr ratios.

DGF pulses still have whole wave shapes quite close to PEXP
(p = 5 and p = 10) for tw /tr = 2.27 and 2 pulses, and the main
rise edges also quite close to those of QEXP descriptions. Their
spectral magnitude at high frequency ranges, however, become
larger than those of PEXP (p = 5 or 10) and QEXP pulses,
whereas the discrepancies of these three descriptions in the main
spectral range (less than 50 MHz and 600 MHz for both cases,
respectively) are quite small. For a pulse with tw /tr = 1.8, as
illustrated in Fig. 8(d), DMGF rather than DGF, should be used,
which remains to hold similar wave shape to PEXP (p = 20) and
similar main rise edge to QEXP, as well as very close spectral
magnitude to them below 200 MHz. Again, a singular sharp dig,
near 350 MHz herein, still appears on the curve, corresponding
to the singularity of the Fourier transform function. However,
this will not restrict its use for expressing a gamma-ray pulse
since only time-domain behaviors are concerned.

V. CONCLUSION

In this paper, correlations between key physical parameters
and mathematical parameters for pulses described by double
exponential function and its modified forms are established, in
order to transform them each into the other.

Pulse shape properties, represented by ratios of tw /tr and
tf /tr , are proven to rely only on the dimensionless parameter
A=β/α (or B =α/β). It is a common feature that for sufficiently
large A (or B) values, tw /tr and tf /tr ratios of all five functions
mentioned all scale proportional to A (or B) values but with
different slopes. Another common feature emphasized greatly
is that all of DEXP, PEXP, and the newly proposed DGF/DMGF
have lower limits on tw /tr and tf /tr ratios for sufficiently small
A (or B) values.

The widely used DEXP function is suitable only for pulses
with tw /tr > 4.29 and tf /tr > 5.89. PEXP (p = 2) function
is suitable for pulses with tw /tr > 2.94 and tf /tr > 3.47, and
the pulse shape for large tw /tr ratios approaches quite close
to that of DEXP while cancelling the drawback, discontinuity
of the first derivative at the initial time. Higher-power PEXP
has further lower limits on these ratios, but the whole pulse
shape should be postponed a lot, limiting the rise edge quite
longer and the spectral magnitude at high frequency range much

lower. DGF is proposed to describe pulses with low tw /tr ratios,
but still only suitable for tw /tr > 1.98. The modified form,
DMGF, can further reduce the limits of tw /tr , tf /tr to 1.51 and
1.07, respectively, despite of the singular point appearing on the
spectral magnitude curve. QEXP is found to be the most flexible
function for describing EMP-like transient pulses with arbitrary
tw /tr ratios, though the pulse shape may need to be properly
time shifted, or an artificial initial time is well chosen.

Example applications for four pulses, with tw /tr ranging from
1.8 to 3, illustrate that all these functions have quite accordant
spectral magnitude curves in the main frequency range, despite
of obvious discrepancies in the higher frequency range.
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